Abstract. In the present paper we consider an Eulerian numerical method for
INTRODUCTION
The present paper is devoted to an Eulerian finite-volume method for numerical calculations of multimaterial fluid flows. We consider a heterogeneous medium that consists of different materials (components) separated with interfaces. Each component is described by its own EOS and governed by the system of compressible Euler equations. The mathematical model is applied that treats this multimaterial fluid flow as the flow of a heterogeneous multiphase fluid under the assumption of equilibrium in velocity, pressure, and temperature.
The method we develop belongs to the class of interface capturing methods. The interface is represented by the distribution in space of component mass fractions. The conventional Godunov method is applied for numerical flux approximation with exact or approximate Riemann solvers. This approach inevitably diffuses the interfaces between different materials because of the numerical viscosity that smears initially sharp distribution of mass fractions. The interface is given by a set of mixed cells occupied by the heterogeneous mixture of the components. As the calculation proceeds the domain of mixture cells expands involving more and more computational cells so that eventually the position of the interface in space is completely lost. This is the basic drawback of the conventional Godunov method.
Another drawback appears when we try to compute flows of condensed and gaseous materials with rarefaction waves. The EOSs in this case are quite different and admit different regions of admissible values of thermodynamic parameters. Solids admit negative pressure while the gaseous phase not. Because of the equilibrium assumption the pressure in mixed cells should be always positive. This leads to an artificial numerical effect that we name as pseudo-fracture. It shows up in the formation of a small region of mixed cells near the pure solid region where the solid volume fraction drastically decreases [1] .
In order to fix these drawbacks one can sharpen smearing interfaces by implementing some techniques commonly referred to as anti-diffusive [2] [3] . We suggest an alternative way that is based on a numerical flux approximation that takes into account the interface local position or in other words the material sub-cell structure in mixed cells. Following this way we come to generalized formulation of the Riemann problem for the medium that contains two materials separated with the interface. This formulation includes an initial discontinuity in one component and also the contact point of the interface [4] . We refer this problem as Composite Riemann Problem (CRP). The solution of the CRP provides more accurate approximation of the numerical flux in mixed cells. Various numerical results demonstrate that the CRP technique allows us to reduce the mixed zone to only one computational cell in 1D calculations and to a few cells in multidimensional calculations.
MODELING MULTI-MATERIAL FLOWS
We consider a heterogeneous multi-material compressible medium that in general consists of N components (materials). We assume that each component is thermodynamically a twoparameter medium and is governed by mechanical and thermal EOSs in the form of functional relations between density 
with the assumption of additivity of internal energies is used to describe the multi-material fluid flow [18] . The governing equations of this model can be written in the conservative form as follows:
where q is the vector of conservative variables, and f 1 , f 2, and f 3 are the flux vectors along the x-axis, y-axis, and z-axis, respectively: 
Here,  is the mixture density, (2) and (3) is closed by mixture EOSs that are derived from the assumption of pressure and temperature equilibrium:
The multi-material fluid flow model can be considered as the multiphase model with a particular distribution of mass fractions given by
If the number of materials N is equal to one, Equations (2) and (3) reduce to the standard Euler equations for a single-material fluid flow.
If the mixture is characterized at initial (t  0) by a distribution of type (6), then the same type of distribution is theoretically kept for t > 0, and two or more different components are never at the same point of space. However, this is not the case in numerical simulations.
When an Eulerian approach is employed, the captured material interface is found to be a region of mix cells, separating sub-domains of a pure fluid flows. The width of this region depends on the numerical scheme to be used and can span from a few to dozens of grid cells. A challenging problem in this approach is to reduce the width of numerical interface smearing as much as possible. As a solution to this problem, one can apply high-order numerical schemes or so-called anti-diffusive techniques. We suggest an alternative method to cope with numerical smearing of material interfaces, which is based on a special procedure of resolving materials at the sub-cell level.
THE DISCRETE MODEL
The spatial discretization of Equations (2) and (3) is performed with the finite volume method. With the explicit time marching scheme, this results in the following system of discrete equations:
where the subscripts i and  denote the cell and its face, respectively, V i is the volume of the i-th cell, S  is the face area, T is the transforming matrix from the absolute system of coordinates to a coordinate system associated with the face. The vector F  F(Q), Q  Tq, has the form of a locally 1D flux in the direction of the outward face normal
where the subscripts n, k, and l indicate normal and tangential components of the velocity vector.
In the conventional Godunov method the numerical flux F  is calculated as follows:
where Q RP denotes the exact solution to the Riemann problem at the line x  0 with initial da-
on the left and on the right of the initial discontinuity, respectively. The vector z is the primitive vector. The superscript  indicates that these values are taken at the cell face depending of the scheme order of accuracy.
In the case of single-material fluid flow, the numerical flux can be also calculated by means of an approximate Riemann solver as Rusanov method [5] , HLL [6] and others. These flux approximations can be applied straightforwardly to solve multi-material fluid flow modeled by Equations (2) and (3). Thus, calculations in the whole domain can be executed in the same manner, both in pure and mix cells. We refer this straightforward extension of the conventional numerical flux approximation to the multi-material case as a standard flux approximation.
The usage of the standard flux approximations results in significant numerical smearing of material interfaces. These approximations do not regard the presence of the sharp material interface inside mix cells. Thus, if a non-zero mass flux appears from a mix cell to an adjacent pure cell it inevitably would result in non-zero mass fluxes of all components containing in the mix cell.
As a solution to this problem, we suggest modifications for the numerical flux approximation for those cell faces that border at least one mix cell. These modifications are made on the base of the sub-cell material interface reconstruction and the CRP solution. We call this flux approximation a CRP-based flux approximation. If no mix cell borders the face, numerical flux is calculated by one of standard flux approximations.
The CRP-based flux approximation
In order to introduce the modifications of the flux approximation for the cell faces bordering at least one mix cell, we have to consider two possible situations when one cell is pure and another is mixed or both are mixed. For clarity, let the pure cell is filled with the material "A", and the mix cell is filled with the materials "A" and "B".
If the connectivity at a cell face  is of the type "mix-pure", we assume that the contact surface between materials "A" and "B" in the mix cell is parallel to the face  and located at a distance  and material "A" in the mix cell borders the material "A" in the pure cell. The distance    A V/S  , where  A is the material "A" volume fraction in the mix cell, V is the mix cell volume and S  is the face  area. 
where the superscripts (L) and (R) indicate the left and right cells, respectively. It is obviously that we can define the term
and for
Details of the CRP solver are given can be found in [1] .
If the connectivity at a cell face  is of the type "mix-mix", a reasonable assumption is that the contact surface should in a some way cross the cell face passing through the mix For the patterns of Figure 1c -1e, we can calculate the numerical flux as a linear combination of two fluxes defined on corresponding CRP solutions as follows:
The parameter w defines the intermediate point in Figure 1c . Thus, the numerical flux across a face  is calculated by means of solving one or two appropriate CRPs. It should be noted that the interface reconstruction with local 1D patterns is not a real one. It is implemented independently for each cell face on the base of only volume fraction values in mix cells bordering the considered face. This results in a very simple algorithm. However, it has certain drawbacks that are a penalty of these simplifications. We discuss this issue in section of numerical results. In order to overcome these drawbacks, we implement a method with the directional splitting technique which allows to better utilize a 1D nature of the proposed flux approximation.
An open issue is the choice of w in Equation (13) when a "mix-mix" pattern is used. In that case the sub-cell interface reconstruction can be done uniquely just on the base of volume fractions. Most calculations presented in this paper are done with w that corresponds to a "mix-mix" pattern of Figure 1e . In some cases we use also values w  0.5 and w  1. Anyway, the parameter is used as constant in the calculations. A dynamical approach where it is evaluated depending on local distributions of mass and volume fractions is the purpose of our future research.
The scheme with splitting in directions
The sub-cell interface reconstruction of the previous subsection is by nature locally onedimensional and carried out independently for all cell faces. To adapt this approach to multidimensional calculations, we develop also its implementation based on the method of splitting in directions. In the case of Cartesian grids the explicit time integration numerical scheme is written as ) (
where F 1x , F 2x and F 1y , F 2y are numerical fluxes along the x-axis and the y-axis, respectively. For certainty, we consider the 2D case here. A directionally splitted scheme can be written as follows:
where the fluxes F 1x and F 2x are calculated with values of the n-th time layer {q n }, and the fluxes F 1y and F 2y are calculated with those of the nx-th time layer {q nx }.
NUMERICAL RESULTS
In our previous paper [1] , numerical examples mostly concerned one-dimensional problems. It was shown that CRP-based flux approximation always allows to capture the interface within just one computational cell. In the 1D case there should not be two neighboring mix cells and only a "mix-pure" pattern for the sub-cell interface reconstruction can exist. This is not the case in 2D calculations. We have to use "mix-mix" pattern for the sub-cell interface reconstruction shown in Figure 2c , which is not so definite procedure as in the case of "mixpure" cell connectivity. In this section we present numerical results of calculations with various implementations of the "mix-mix" interface reconstruction and discuss their interface capturing properties.
The problem of shock/contact interaction
The problem statement is sketched in Figure 2 . At initial the lead-gas interface has a triangle disturbance with the depth of 0.0035 cm. The computational domain is 0 ≤ x ≤ 1.6 cm, 0 ≤ y ≤ 0.2 cm occupied by a lead sample with a length of 0.5 cm and a gas. Boundary conditions are following: a rigid wall boundary condition is imposed at x = 0, y = 0, y = 0.2 cm and a non-reflecting boundary condition is imposed at x = 1.6 cm. The computational grid consists of 800 and 100 along the x-axis and the y-axis, respectively. The CFL number is equal to 0.5. To highlight the importance of keeping the interface region as small as possible, calculations of this problem are carried out with the first order of accuracy using Rusanov and CRP-based flux approximation. In the CRP-based calculation we use the directional splitting technique and a "mix-mix" pattern of Figure 1e .
As can be seen from Figure 3 , the Rusanov flux calculation results in a numerical effect of pseudo-fracturing in lead (a narrow region of small density near the interface). The jet formation is found to be underestimated (see Figure 3) . Figure 4 shows the jet formation in the СRP-based flux calculation with no any pseudo-fracture in lead. The comparison of the cell type distribution for both calculations at a time moment t = 7.25 s is presented in Figure  5 . Black color indicates mix cells, white and grey colors indicate pure gas cells and pure lead cells, respectively. We can observe that the lead-gas interface is captured within few computational cells in the CRP-based flux calculation, while it turns to be an expanded domain in the Rusanov flux calculation. 
The problem of underwater air bubble collapse
The problem statement is the same as in [7] . The computational domain is 0 ≤ x ≤1.2 cm, 0 ≤ y ≤1.2 cm. The air bubble diameter is 0.6 cm, and its center is at (0.6, 0.6) cm. The EOS of air and water is taken in the form of a stiffened gas EOS. Periodical boundary conditions are imposed on the bottom and top boundary of the computational domain. The computational grid consists 200 of computational cells in each direction. The CFL number is equal to 0.5. Figure 6 shows the cell type distributions at a time moment t = 3.25 s for six variants of calculation. Black color indicates mix cells, white and grey colors indicate pure air cells and pure water cells, respectively. The top row of figures corresponds to calculations with the directional splitting off. The lower row corresponds to calculation with directional splitting. The left column corresponds to a "mix-mix" pattern of Figure 1c with w = 0.5, the middle column -a "mix-mix" pattern of Figure 1d and the right column -a "mix-mix" pattern of Figure 1e .
One can conclude from Figure 6 that the directional splitting technique improves interface capturing properties. It can be also observed that different "mix-mix" patterns for the sub-cell interface reconstruction result in different forms of numerical smearing, especially in the case of non splitting calculations. The density distribution, g/cm 3 (top) and the cell type distribution (low).
The triple point problem
The problem statement is taken from [8] . The computational domain is 0 ≤ x ≤ 7 and 0 ≤ y ≤ 3.
The first sub-domain (0 ≤ x ≤ 1, 0 ≤ y ≤ 3) contains a high-pressure high-density material. The second sub-domain (1 < x ≤ 7, 0 ≤ y < 1.5) contains a low-pressure high-density material. The third sub-domain (1< x ≤ 7, 1.5 ≤ y ≤ 3) a low-pressure low-density material. All three materials are governed by the ideal gas EOS. The rigid wall condition is imposed at all boundaries of the computational domain. We solve this problem as a two-material problem and do not distinguish materials in the first and the third sub-domain. Figure 8 shows results with the directional splitting, a "mix-mix" pattern of Figure 1e , and the second order of accuracy on a computational grid of 4200 and 1800 cells along the x-axis and the y-axis, respectively. The CFL number is equal to 0.5. One can observe that the material interface undergoes a Kelvin-Helmholtz instability that results in a large deformation of the interface with the formation of small-scale jet-like structures. The density distribution, g/cm 3 (top) and the cell type distribution (low).
CONCLUSIONS
An Eulerian finite-volume method for multi-material fluid flows modeled by a multiphase medium with pressure, temperature and velocity equilibrium is discussed. The method belongs to the class of interface capturing approaches and aims to reduce numerical smearing of material interfaces. To achieve this goal, we have introduced the sub-cell interface reconstruction procedure based on simple interfaces patterns. The proposed sub-cell interface structure is taken into account in calculating the numerical flux across a cell face bordering a mix cell. This is performed with a proper IVP -a Composite Riemann Problem (CRP) that involves both a point of initial discontinuity and a material contact point. The numerical flux approximation based on this CRP solution strongly reduces the interface smearing region. Numerical experiments have shown the reduction of the interface region up to a few computational cells in 2D tests.
The work reported in this paper was partially supported by the grant No 14-11-00872 from the Russian Scientific Fund.
